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NEW INEQUALITIES OF OSTROWSKI TYPE FOR MAPPINGS 

WHOSE DERIVATIVES ARE s CONVEX IN THE SECOND 

SENSE VIA FRACTIONAL INTEGRALS 
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Abstract. New identity similar to an identity of I13| for fractional integrals 
have been defined. Then making use of this identity, some new Ostrowski type 
inequaUties for Riemann-Liouville fractional integral have been developed. Our 
results have some relationships with the results of Alomari et. al., proved in 
[13] [published in. Appl. Math. Lett. 23 (2010) 1071-1076] and the analysis 
used in the proofs is simple. 



u 

1-C ■ 1. Introduction and Preliminary Results 



In 1938, A.M. Ostrowski proved the following interesting and useful integral 
inequality ([S^, see also [29l page 468]): 



Theorem 1. Let / : / — > M, where I '^R is an interval, be a mapping differentiable 
in the interior 1° of I , and let a,b ^ 1° with a < b. If \f' {x)\ < M for all x G [a, b], 
r»0 ' then the following inequality holds: 

m ■ 
in 



(1.1) 



/(^) - r^ / f(t)dt 



<M{b- a) 



1 , {x-^^y 



4 {b~a) 



2 



for all X G [a, b] . The constant j is the best possible in the sense that it cannot be 
replaced by a smaller one. 

This inequality gives an upper bound for the approximation of the integral av- 
K> , erage 753^ Xi /(O*^^ ^y the value f{x) at point x G [a, b] . In recent years, such 

^ ' inequalities were studied extensively by many researchers and numerious gener- 

alizations, extensions and variants of them appeared in a number of papers see 

([I]-[13]) 

In |15| . the class of functions which are s— convex in the second sense has been 

introduced by Hudzik and Maligranda as the following: 

Definition 1. A function f : [0, cx))— > R is said to be s— convex in the second sense 

f{Xx + (1 - X)y) < X'fix) + (1 - Xyfiy) 

for all x,y £ [0, cxd), A G [0, 1] and for some fixed s G (0, 1]. This class of s-convex 
functions is usually denoted by K^. 
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It can be easily seen that for s = 1, s— convexity reduces to ordinary convexity 
of functions defined on [0, oo). 

In J14j . S.S. Dragoniir and S. Fitzpatrick proved a variant of Hadamard's in- 
equality which holds for s— convex functions in the second sense: 

Theorem 2. Suppose that f : [0, oo) —> [0, oo) is an s-convex function in the 
second sense, where s G (0,1), and let a,b ^ [0,oo), a < b. If f (^ L^{[a,b]), then 
the following inequalities hold: 

b 



(1.2) 



V(- 



-)< 



1 



f{x)dx < 



fja) + fib) 
s + l 



The constant k ~ -^^ is the best possible in the second inequality in (|1.2p . 
The following identity is proved by Alomari et.al. (see |13) ) 

Lemma 1. Let /:/cM^-M6ea difjerentiable mapping on 1° where a,b € I 
with a < b. If f (z L [a, b], then we have the equality: 



/(^) 



fit)dt 



(x — a) 



{b-xY 



tf'{tx+ (1 -t)a)dt 



tf'{tx + {l-t)b)dt 



for each x £ [a, b] . 

Using the Lemma [l] Alomari et al. in [l^ established the following results which 
holds for s-convex functions in the second sense. 

Theorem 3. Let / : / C [0, oo)— > R be a differentiate mapping on 1° such that 
f e i [a, 6] , where a,b ^ I with a < b. If \f'\ is s-convex in the second sense 
on [a, 6] for some fixed s G (0,1] and \f'{x)\ < M, x S [«,&], then we have the 
inequality: 

cb 

< 



(1.3) 



fi^) 



1 



f{t)dt 



M 



(x — a) + {b — x) 



1 



b — a 

for each x € [a, b] . 

Theorem 4. Let / : / C [0, oo)— > M foe a difjerentiable mapping on 1° such that 
f (z L [a, b] , where a,b ^ I with a < b. If |/'|* is s-convex in the second sense on 
[a, b] for some fixed s Cz (0,1], q > I, p — — ^ and \f'{x)\ < M, x G [a, b], then we 
have the inequality: 



(1.4) 



/(^) 



f{t)dt 



< 



M 



{x — a) + (5 — x) 



for each x G [a, b] . 

Theorem 5. Let / : / C [0, oo)— > M 6e a difjerentiable mapping on 1° such that 
f (z L [a, b] , where a, 6 G / with a < b. If |/'|^ is s-convex in the second sense on 
[a,b] for some fixed s G (0, 1], q > 1 and |/'(a^)| < M, x G [a, 6], then we have the 
inequality: 

(1.5) fix) -r^ f f{t)dt < M 



1 



(a; — a) + [b — x) 



2(b-a) 
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for each x G [a, b] . 

Theorem 6. Let f : I C [0, cx))- 



be a differentiable mapping on 1° such that 
f € L [a, b] , where a,b € I with a < b. If |/'|' is s-concave in the second sense on 



[a, b] for some fixed s e (0, 1], q > 1 and p = — ^ 



then we have the inequality: 



(1.6) 



< 



/w- 


1 

b~0 


J a 


2(s 


-1)/? 





- (l+p)^/^(6- 

for each x G [a, b] . 



f{t)dt 



(a; — aY 



r 



+ ib~xf 



r 



For other recent results concerning s-convex functions see |13)-|17|. 
We give some necessary definitions and mathematical preliminaries of fractional 
calculus theory which are used throughout this paper. 

Definition 2. Let f e Li[a,b]. The Riemann-Liouville integrals J^+f and J^_f of 
order a > with a > are defined by 



j:+i{^) 



V{a) 



{x^tY'-'f{t)dt, 



X > a 



Jb-fi^) 



Via) 



{t - x)°''^ f(t)dt, x<b, 



where T{a) = j^ e-*u°'-^du. Here, J°+f{x) = J^_f{x) = f{x). 

In the case of a = 1, the fractional integral reduces to the classical integral. Some 
recent results and properties concerning this operator can be found (|18|-[28]1. 

In spired and motivated by the recent results given in [13], [18]-[23] and [27], 
in the present note, we establish new Ostrowski type inequalities for s— convex 
functions in the second sense via Riemann-Liouville fractional integral. An inter- 
esting feature of our results is that they provide new estimates on these types of 
inequalities for fractional integrals. 



2. Ostrowski Type Inequalities via Fractional Integrals 
In order to prove our main results we need the following identity: 

Lemma 2. Let / : [a, 6] — > M fee a differentiable mapping on (a, b) with a < b. If 
f (z L [a, b] , then for all x G [a, b] and a > we have: 

[x - af + {b- x)°' \ T{a + 1) . r( . , ja r(,.i 



(b^a) 



^"^ "^ ' t"/' {tx + (1 - t)a) dt - ^ ^ / r/' {tx + (1 - t)b) dt 

b- a ./n 



(2.1) 

(^ 

b — a 

where T{a) = L e^^u^^^du 
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Proof. By integration by parts, we can state 



t"/' (tx + (1 - t)a) dt 



= t 



„/(te+(l-t)a) 



"'O 



(2.2) 



.f{x) 



ja-u)"' ^ f{u) 
X ~ a X ~ a J^ (a- x)""^ x - a 

f{x) aT{a) 1 



' r,,.-i/(!:I±(i^M,, 



du 



and 



x-a {x- a)"+' r(a) J^ 



e f (tx + {I - t)b) dt 



[u — a)" f{u)du 



J{tx+{l~t)b) 



X — b 



' (\e-^l^^^±S^-Mdt 

X — b 



•'0 



(2.3) 



fix) a r{b-ur-'f{u) 



x-b x-bJi, (& _ a;)"-i a; - 6 
f{x) ar{a) 1 '■'' 



du 



b [b - x)"+^ r(a) 



(b — u) f[u)du. 



Multiplying the both sides of (|2.2p and (12. 3p by ^'^ ^_^ — and -^^ — -^^ — , respectively, 
we have 

(2.4) ^^^^^ f er (tx + (1 - t)a) dt = i^-^lm _ £^^±11 j:_/(a) 



b — a 



b — a 



b — a 



and 



b ~ a 



b — a 



b ^ a 



From (12. 4p and (12. 5p . it is obtained desired result. D 

Using Lemma m we can obtain the following fractional integral inequalities: 

Theorem 7. Let f : [a, b] C [0, oo) — > R, be a differ entiable mapping on (a, b) with 
a < b such that f G L[a,b] . If \f'\ is s— convex in the second sense on [a, 6] for 
some fixed s G (0, 1] and \f'{x)\ < M, x G [a,b] , then the following inequality for 
fractional integrals with a > holds: 



(2.6) 



b ^ a 



< JL(i • r(a + i)r(,s + i) 



ib-a) 



b-a \ r{a + s + l) 



(x ~ a)°+^ + {b- x) 
a + s + 1 



a+l 
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where T is Euler Gamma function. 

Proof. From (|2.1|) and since \f'\ is a s— convex mapping in the second sense on 
[a,b], we have 



J\^) - -n. — rr [Jx-JW + J^+f(b)\ 



b — a 



(b-a) 



< ^"^7°^ / t°'\f'{tx+{l-t)a)\dt 



b-a .JO 

\a+l rl 



+ 



(b-xT 



a 



e\f{tx + {i-t)b)\dt 







< ^^ - °^° / r+'\f'{x)\+r{i^ty\f'{a)\dt 



b — a 







- ^V ""^^ / t''+'\f'ix)\+t'^{i-ty\f'{b)\dt 

b-a . n 



< 



M 



1 r(a + i)r(s + i) 



b-a \a + s + l T{a + s + 2) 

where we have used the fact that 
1 



(x-a)"+V(5~x)"+i 



e+'dt = 

a + s + 1 



and 



^ ' T{a + .s + 2) 



Hence, using the reduction formula T(n + 1) = nT{n) {n > 0) for Euler Gamma 
function, the proof is complete. D 



Remark 1. In Theorem^ if we choose a — 1 , then \2. 6\) reduces the inequality 
irm ofTheorem\^ 

Theorem 8. Let f : [a, b] C [0, c») — >■ M, be a differentiate mapping on (a, b) 



with a < b such that f E L [a, 6] . // |/'| is s— convex in the second 



sense on 



[a, 6] 



for some fixed s G (0, 1], p, g > 1 and \f'{x)\ < M, x £ [a, &] , then the following 
inequality for fractional integrals holds: 



^^ - «)" + (^ - -)" ^ /(.) _ ^^ [j^_f^a) + j:,/ (6)] 



b — a 



{b-a) 



(2.7) 



< 



M 



(1 +pa)'' 



2 \^ 



F Vs + 1 



[x - aY^' + {b-x) 
b-a 



Q + l 



where --\-- = l,a>{) and T is Euler Gamma function. 
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Proof. From Lemma [2] and using the well known Holder inequality , we have 



6- 



(b-a) 



< ^^ . °^ / e\f'{tx + {l-t)a)\dt 



b — a 







- ^\ ^^" / e\r{tx + {i-t)b)\dt 

b - a ./n 



< 



(x — a) 



a+l / /.I 



b — a 



tP'^dt 



\f'{tx+{l-t)a)\''dt 



(b-x) 



Q + l 



b — a 



tP^dt 



\f'{tx + {l-t)b)\'^dt 



Since l/'l"^ is s— convex in the second sense on [a,b] and |/'(a:)| < M, we get (see 
[H P- 1073]) 

^ 2Af9 /"-^ 2/1/9 

|/'(te + (l-i)a)|^dt< -and / \f'{tx + il-t)b)\Ut< 

'S + 1 Jo 

and by simple computation 



s + 1 



tP"dt == . 

pa + 1 



Hence, we have 



^^ - «)" + (^ - ^)" ^ fix) - ^^ [J^^fia) + J:,fib)] 



< 



b — a 
M / 2 \^ 



(1+pa)'' V-'^ + l 
which completes the proof. 



[b-a) 

[x - aT+^ + [b - xf 
b — a 



D 



Remark 2. /n Theorem\^ if we choose a = l , then \2.T\j reduces the inequality 
Ji.^y o/ Theorem^ 



Theorem 9. Let f : [a,b\ C [0,oo) — >■ M, &e a differ entiable mapping on {a,b) 
with a < b such that f G L [a, b] . If |/'|'' is s— convex in the second sense on [a, b] 
for some fixed s £ (0,1], <z > 1, and |/'(x)| < M, x € [a, 6] , then the following 
inequality for fractional integrals holds: 

(x — a)" + (6 — xY 



b — a 



/(^) - ^^^ [J^^fia) + J:+f{b)] 



(2.8) 



< 



M 



(1 +pa)'' 



h\s + l 



(x - ar^' + {b-x) 



Q + l 



b — a 



where a > and T is Euler Gamma function. 
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Proof. From Lemma [2] and using the well known power mean inequality, we have 



b ~ a 



[h-a) 



< i^^_^^ / t"'\f'{tx + {l-t)a)\dt 



b ~ a 







^ ' ' e\f{tx + {i-t)b)\dt 



< 



{x — a) 



b-a 70 

a+l / „1 



b — a 



f^dt) " ( I t" I/' (te + (1 - t)a)\'' dt 



b — a 



e\f'{tx + {i-t)b)\^dt 



Since \f'\'' is s— convex in the second sense on [a,b] and |/'(2:)| < M, we get (see 
[13 P- 1073]) 



e\ritx + ii-t)a)\''dt < I [t^+'^\rix)\' + t"{l~ty\f{a)\']dt 

+ l/'(a)r fe{i^tydt 

Jo 

+ |/'(a)r/3(« + l,.s + l) 



< 



l/'(^)l' 


a + s + l 


l/'(^)l' 


a + s + l 


l/'(^)l' 


a + s + 1 


A/9 



,, ,,, r(a + i)r(s + i) 



a + s + l 



{a + s + l)T{a + s + l) 

r(a + i)r(s + i)' 



T{a + S + 1) 



and similarly 



e \f [tx + {I - t)b)\'' dt < / [t'+°'\f{x)\' + e{i-ty\f'{b)\'\dt 

Jo 



< 



a + s + 1 


l/'(^)r 


a + s + 1 


l/'(^)l' 


a + s + 1 


Ml 



^tYdt 



+ |/'(6)|V(a + l,s + l) 
+ \nb)\ 



,,,,,, r(a + i)r(s + i) 



(a + s + l)r(a + s + l) 

r(a + i)r(s + i)~ 



a + s + 1 V r(a + s + 1) 
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where /3 is Euler Beta function defined by 



/3(x,y)= / t--\l~t)y-'dt ix,y>0). 
Jo 



We used the fact that 



/3(x,y) = ^^^^ and T{n + I) = nT{n){n > 0). 
T{x + y) 



Hence, we have 



(a; - a)" + (6 - xf \ T{a + 1) . ^ \^ T°' ffh\] 

J\^> " -71 — I^ [Jx^J{a) + 4+/(o)J 



< M 



b — a 
i-i 



(6 -a) 



1 + a 



a + s + 1 



X 1 + 



r(a + i)r(g + i)y 

T{a + S + 1) 



(x - a)"+^ + {b- xf 
b — a 



which completes the proof. 



D 



Remark 3. In Theorem\^ if we choose a — 1 , then 112. 8\} reduces the inequality 
m.5\) of Theorem\^ 

The following result holds for s-concavity: 

Theorem 10. Let f : [a, b] C [0, cxd) -^^ K, be a differentiable mapping on (a, b) 
with a < b such that f ^ L [a, b] . If \f'\'' is s— concave in the second sense on [a, b] 
for some fixed s S (0,1] and p,q > 1, then the following inequality for fractional 
integrals holds: 



^' - ^)" + (^ " -)" ^ /(.) - ^^ [J:_fia) + J^.fib)] 



(2.9) 



< 



b — a 

T 

(1 + pa)p {b — a) 



{x — a) 



Q + l 



{b-a) 
I ( X + a 



+ {b-x) 



a+l 



I (b + X 



where i + -!- = l,Q:>0 and T is Euler Gamma function. 
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Proof. From Lemma [2] and using the well known Holder inequality , we have 



< 



(x — a) 



b ^ a 

a + l pl 



(2.10) 



b — a 







+ 



< 



{x — a) 



b — a 



{b-a) 
t"\f' {tx + {l-t)a)\dt 

t°'\f' {tx + {l-t)b)\dt 



b ~ a 

{b-xY 



b — a 



tP"dt 



tP'^dt 



\f'itx+{l-t)a)\''dt 



\f'{tx + {l-t)b)\''dt 



Since \f'\'' is s— concave, using the inequality (|1.2p we get (see [13, p. 1074] 



(2.11) 
and 

(2.12) 



\f{tx + {l-t)a)\'^dt<2' 



|/'(te + (l-f)6)|'dt<2" 



/' 



/' 



x + a 
2 

b + x 



Using (PUJ) and ([TT^ in (piB . we have 



{x — a)" + (6 — xY 



< 



b — a 

2(s-l)/q 



fi^) 



(1 +pa)'' {b — a) 
which completes the proof. 



{x — a) 



a+l 



Tja + l) 
(b-a) 

I I X + a 



[J^j{a) + J^+fih)] 



+ {b-xY 



f 
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Remark 4. In Theorem \10l if we choose a = 1 , then Ii2.9\) reduces the inequality 
/ll.6\) of Theorem\^ 
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